Axiom A flows and dynamical resonances for
Anosov representations

Benjamin Delarue!0000-0002-2400-022X]

Abstract This chapter focuses on recent results establishing the existence of dynami-
cally complete geometric structures for Anosov representations, creating a link between
higher Teichmiiller theory and microlocal analysis. The “geometry at infinity spirit” is
materialised in the Axiom A property of analytic contact flows that can be considered
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1 Introduction

The geometry at infinity of a rank one Riemannian locally symmetric space
X =I\G/K

can be described in several equivalent ways. For instance, we call X (or I') convex-
cocompact if the discrete torsion-free subgroup I' C G of the non-compact semisimple
Lie group G preserves and acts cocompactly on a non-empty geodesically convex subset
in the Riemannian symmetric space G /K (here K C G is a maximal compact subgroup).
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Equivalently, taking on a dynamical systems perspective, X (or I') is convex-
cocompact if, and only if, the geodesic flow

¢ T'S > T'y

on the unit tangent bundle of X is an Axiom A flow in the sense of Smale [ ]. The
Axiom A is a combination of a hyperbolicity and an escaping property. To explain it,
recall that the non-wandering set NW(¢") of a smooth flow ¢’ : M — M on a smooth
manifold M is the set of all points p € M such that for every neighborhood U ¢ M
of p and every T > 0 there is a t > T such that ¢’ (U) N U # (. Furthermore, recall
that a ¢’ -invariant compact subset K C M is called hyperbolic if the restricted tangent
bundle T M|k admits a d¢’-invariant splitting

TMlxk =E'@E @ E* (1)

into continuous subbundles such that E%(p) = RX(p) for all p € K, where X :=
%| t:()¢t is the generating vector field of the flow, and there are C, ¢ > 0 such that

: el t>0, ve ES,
de’ )| < Ce= o)l v {[ <0 e E
for some (and hence any) continuous bundle norms on E* and E", respectively.

Now ¢’ is called an Axiom A flow if NW(¢") is compact and hyperbolic and equal
to the closure in M of the union of all periodic orbits. In this case, the dynamics of the
flow ¢’ is sufficiently well-behaved to make it accessible to spectral analysis. Namely,
one can assign to ¢’ an infinite discrete spectrum of points in the complex plane
called Ruelle-Pollicott resonances or dynamical resonances by microlocal methods
due to Dyatlov-Guillarmou [ ]. These resonances are defined as the poles of a
meromorphic distributional resolvent

X+ COM) = D'(M), 1€C,

of the flow generator X and come with associated finite-dimensional spaces of resonant
states, which are distributional solutions u € D’ (M) of the eigenvalue equation

(X+Du=0.

Moreover, in the same context and with the same methods, Dyatlov-Guillarmou [ ]
showed that, thanks to the Axiom A property, the Ruelle zeta function

() =[]=e@)7 Rs>0 )

Y

formed by the lengths £(7y) of the primitive periodic orbits y of the flow ¢’ possesses a
meromorphic extension to C. This essentially settled a conjecture of Smale [ ] (the
orientability assumption in [ ] was removed by Borns-Weil and Shen [ D.
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These results demonstrate that the theory of convex-cocompact rank one locally
symmetric spaces has a very feature-rich dynamical and analytical side in addition to
the perhaps more well-known geometric and algebraic sides.

If the semisimple Lie group G is of higher real rank, then the notion of an Anosov
representation o : I' — G of a word-hyperbolic group I" (due to Labourie [ ] and
Guichard-Wienhard [ ]) generalises the concept of convex-cocompactness.

It is now a natural question if the theory of Anosov representations is equally
well linked to spectral theory via Axiom A flows as the theory of convex-cocompact
rank one locally symmetric spaces. In the following I illustrate how this question has
recently been very positively answered, by summarising the results of three selected
research works [ s , ] carried out (partially) in the framework
of the Project No. 65 Resonances for non-compact locally symmetric spaces within the
Priority Programme Geometry at Infinity of the German Science Foundation (Deutsche
Forschungsgemeinschaft, DFG).

Sections 2, 3 and 4 summarise the results of the papers [ 1, [ ], and
[ ], respectively. The presentation follows the introductions of the respective
papers closely, concentrating on a selection of the results. For more details, related and
previous works, and background information, I refer the reader to the original papers.

Finally, Section 5 mentions some open questions for future research.

2 Projective Anosov representations

Fix a finite-dimensional real vector space V of dimension d > 1. Let L c P (V x V*)
denote the open submanifold given by the projectivization of the affine quadric hy-
persurface {(v,@) € V x V* | a(v) = 1}. The group SL(V) acts on P(V x V*) by
g-[v:a]=[gv:aog!], preserves L, and commutes with the flow

o' L—>L
induced by
¢ (v,@) = (e'v, e ).

Moreover, this flow is the Reeb flow of an SL(V)-invariant contact one-form on L
descended from the tautological Liouville one-formon 7%V = VxV*. The SL(V)-action
on L is transitive and the tangent bundle of L admits an SL(V) X {d¢' };cr-equivariant
real analytic splitting

Tip:0)L = ker(a) & E° @ ker (1) 3)

where E° is the central flow direction and ¢, : V* — R is the contraction with v € V.
For g € SL(V) we denote by

A1(g) 2 A2(g) =2 -+ 2 Aa(g)

the logarithms of the moduli of the (complex) eigenvalues of g (with repetitions). Note
that any g € SL(V) satisfies Zidzl Ai(g) =0, in particular 1,(g) > 0.
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Definition 1 A finitely generated discrete subgroup I' < SL(V) is called projective
Anosov if it is Gromov-hyperbolic and there are constants ¢, ¢’ > 0 such that

A(y) = (y) 2 clylo—¢” Vyel,

where |v]eo = lim, 400 l’;:', with | - | the word length with respect to some finite

generating set of I, the choice of which is irrelevant to the above condition.

Definition 1 is taken from [ ], in which it is shown to be equivalent to the original
definition of a projective Anosov subgroup [ , ]. The first main result of

[ ]is:

Theorem 1 ([ , Theorem A]) Suppose I' < SL(V) is a torsion-free projective
Anosov subgroup.

1. There exists a non-empty I X {¢' };cr-invariant open subset X/IT- C L upon which
I" acts freely and properly discontinuously. Therefore, the quotient

Mr = F\ﬂ;

is a real analytic locally homogeneous (SL(V), L)-manifold, endowed with a real
analytic complete flow ¢' : Mr — Mr preserving a real analytic contact one-form
for which ¢' is the Reeb flow.
2. The flow ¢' : Mr — My is Axiom A in the sense of Smale and preserves a unique
basic hyperbolic set
7(1" C Mr.

3. The real analytic splitting (3) descends to a real analytic splitting
TMr=E'9E’ ES

whose restriction to the basic hyperbolic set Kr C Mr is the splitting (1) into
unstable-central-stable directions guaranteed by hyperbolicity. In particular, each
of the four stable, unstable, central stable, and central unstable foliations along Kr
are the restriction of global real analytic foliations on Mr.

In Theorem 1.(1), a locally homogeneous (SL(V),L)-manifold is a real analytic
manifold with an L-valued real analytic atlas whose coordinate changes are locally
given by the restriction of elements of SL(V).

Guichard-Wienhard showed [ , Prop. 4.3, Rem. 4.12] that every Anosov sub-
group I' < G of a semisimple Lie group G may be made projective Anosov after
post-composition with a linear representation G — SL(W) for some finite-dimensional
real vector space W. Therefore, Theorem 1 establishes that all torsion-free Anosov
subgroups are monodromy groups of (generally non-compact) Axiom A dynamical
systems with analytic regularity. By Selberg’s Lemma, the torsion-free property can
always be achieved by passing to a finite index subgroup, which preserves the Anosov
property [ , Cor. 1.3].

A choice of norm on V induces a real analytic trivialization of the principal R-bundle
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L - P(V) XB(V")

M
over the space P(V) X P(V*) of all transverse line/hyperplane pairs ([v], [a]) € P(V) X
P(V*), i.e. those satisfying a(v) # 0. With respect to this (or any) trivialization, the
SL(V)-action becomes a real analytic cocycle

A SL(V) x B(V) X B(V*) = R

prescribing the SL(V)-action in the choice of trivialization. This cocycle was initially
utilized in the study of discrete group actions by Quint [ , ], and after the
work [ ] appears throughout the literature on Anosov subgroups/homomorphisms.

A projective Anosov subgroup I' < SL(V) comes with a pair of I'-equivariant limit
maps & : dol' — P(V), & @ 0" — P(V*) defined on the Gromov boundary d.T".
Denoting the complement of the diagonal in deI" X del” by deI'?), Sambarino (see
[ s ]) observed that the product map

- ) Y
EXE 0 — P(V) X P(VY)
can be post-composed by the cocycle 57 to obtain a Holder cocycle
M T x 9,T?® SR,

Upon leveraging the results of Ledrappier [ ], Sambarino proved that the induced
I"-action on dI'® X R is properly discontinuous and cocompact. He denoted the
quotient by this action yr and called the induced flow on yr the refraction flow [ ].

The second main result of [ ] establishes that the refraction flow space yr
appears as the basic hyperbolic set of the real analytic contact Axiom A system from
Theorem 1.

Theorem 2 ([ , Theorem B]) Suppose I' < SL(V) is a torsion-free projective
Anosov subgroup. In the setting of Theorem I, there is a canonical bi-Holder continuous
homeomorphism

F: XU i) (](F
such that F o ¢'s = ¢' o F where ¢ : xr — xr is Sambarino’s refraction flow.

As a main application of Theorems | and 2, the third main result of [ ]
consists of an exponential mixing statement that serves as a proof of concept that
the aforementioned results open the door to a deeper analysis of the dynamics of the
refraction flow associated to projective Anosov subgroups.

Theorem 3 ([ , Theorem C]) Suppose I < SL(V) is a torsion-free irreducible
projective Anosov subgroup. Let Mr be the Axiom A dynamical system provided by
Theorem 1 with unique basic hyperbolic set Kr C Mr.

Forevery0 < a < 1andU € C*(Kr, R), there exist ¢ o, Co > 0, depending only on
U and a, such that for every F,G € C*(Kr,R) the correlations decay exponentially:
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VteR:

/ F(2)-G(#'(2)) dup (z) - / F(2) du (2) / G (2) duv(2)
z€Kr zeKr zeKr

< Coe™MF )4 )|Glla

Above, ||-||, is the a-Hdélder norm and the measure of integration duy is induced from
the unique Gibbs equilibrium state uy of maximal topological pressure for the Holder
potential U. In particular, the flow ¢' : Kt — Kt is exponentially mixing for all Gibbs
states and Hélder observables, and therefore applying Theorem 2, the refraction flow
¢§ : Xr — Xr is exponentially mixing for all Gibbs states and Holder observables.

Besides this main application, Theorems | and 2 provide a link between the theory
of projective Anosov representations and spectral theory, as indicated and motivated
in Section 1. The Axiom A system (M, ¢") associated to a non-trivial torsion-free
projective Anosov subgroup I' < SL(V) by Theorem 1 carries a period function

A1 :T = [0, +00) 4)

which is conjugacy invariant and positive, i.e. 1;(y) > O for all non-trivial e # y € I'.
Here A, () is equal to the natural logarithm of the spectral radius of the unimodular
linear map y € SL(V). Then the Ruelle zeta function (2) of the Axiom A flow ¢’ can
be written in the form

lr(s) = n (1_6—5/11([7]))_1’ 5)

[7]E[F]pl‘im

where [I'] i, is the set of non-trivial conjugacy classes of primitive elements in the
hyperbolic group I'". The Euler product (5) converges for R (s) > hop(I'), where hop ()
denotes the topological entropy of the flow ¢’ : K — K restricted to the unique basic
hyperbolic set K € Mr. Note that hp(I') > 0 if and only if I is non-abelian.

Theorem 4 ([ , Theorems D, F]) Suppose I < SL(V) is a non-trivial torsion-
free projective Anosov subgroup.

1. The Ruelle zeta function {r(s) admits a meromorphic continuation to all s € C
with a simple pole at s = hyop(I').

2. IfT < SL(V) is irreducible, then {r has a zero-free spectral gap: there exists € > 0
such that (g is holomorphic and nowhere vanishing in the strip

hiop(I') — & < Re(s) < hyop(I).

3. For each smooth potential U € C°(Mr, C) supported in a sufficiently tight open
neighborhood around the basic hyperbolic set Kr, there is an infinite discrete
spectrum Rff C C of Ruelle-Pollicott resonances associated to the operator

X:=-X+U,

where X = %\ —o®" is the generator of the flow ¢'.
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4. For every resonance Ay € ‘R)F(, there exist pairs of non-zero distributions u (respec-
tively v) called resonant states (respectively coresonant states) defined in a relatively
compact open neighborhood of ‘Kr and satisfying

Xu = Aou, X*v = Ay,

where X* := X + U is the formal adjoint of X. Their product u - v is a well-defined
@' -invariant distribution satisfying supp(u - v) C Kr.

2.1 Applications to Finsler and pseudo-Riemannian geodesic flows

In [ , Section 6], we apply our Axiom A framework in two specific settings:
HP-9-convex cocompact subgroups I < SO(p, g+1) developed by Danciger-Guéritaud-
Kassel [ ], and strictly convex divisible domains developed by Benoist [ ].

In particular, the space-like geodesic flow for convex cocompact H”-Z-manifolds and
the Benoist-Hilbert geodesic flow for strictly convex RP¢-manifolds are shown to be
exponentially mixing.

Suppose I'" < SL(V) divides a strictly convex divisible domain Cr € P(V) and

Nr =T'\Cr

is the associated closed strictly convex real projective manifold. The Hilbert metric
induces a C*®-norm on TN \ Z where Z c TNr denotes the zero section. Let

SN = (TNr \ 2) /RS
denote the conformal sphere bundle equipped with the Benoist-Hilbert geodesic flow
¢§9H . SNF — SNF

As proved by Benoist [ ], the Benoist-Hilbert geodesic flow is a C!*@ topologically
transitive Anosov flow which is C? if and only if there is an isometry Cr ~ H¢. It turned
out to be exponentially mixing as a corollary of Theorem 3:

Theorem 5 ([ , Theorem G]) The Benoist-Hilbert geodesic flow
Psp - SN — SAp

mixes exponentially for all Holder observables with respect to every Gibbs equilibrium
state with Holder potential.

The Benoist-Hilbert geodesic flow had long been out of reach of quantitative mixing
results because of its low regularity (c.f. Liverani [ ] establishing exponential
mixing for C* Anosov flows). Our proof trades the real analytic manifold SNt and the
Cl flow ¢}y for a Lipschitz submanifold of a real analytic contact Axiom A system
whose stable and unstable foliations are the restriction of global real analytic foliations.
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In a somewhat different direction, concerning the pseudo-Riemannian symmet-
ric space H”-9, Danciger-Guéritaud-Kassel [ ] defined convex-cocompact sub-
groups I' < SO(p, g+ 1) and constructed corresponding non-empty domains of proper
discontinuity Q?GK C HP-4. The space-like geodesic flow

¢ 7' (M@P) - 7! (r\QP)

is incomplete in general, while the Axiom A system Mp we construct in Theorem 1
satisfies 7' (T \Q?GK) C My and contains the saturation of T'! (F\QIQGK) with respect
to the foliation of Mr by flow lines. As the final sample result of [ ], I mention

Theorem 6 ([ , Theorem H]) Suppose that T is irreducible. Then the restric-
tion of the (possibly incomplete) space-like geodesic flow

¢ ' (NPSK) - 7' (r\oPSK)

to the basic hyperbolic set Kr C T (F\Q]I?GK) mixes exponentially for all Holder
observables with respect to every Gibbs equilibrium state with Hélder potential.

3 General Anosov representations

While the paper [ ] considers only projective Anosov representations for the
sake of clarity (one does not need to introduce any Lie theory in this case, which is a
huge technical simplification), we treat the general case in [ ]. Here I recall the
results of the latter work in a slightly compressed form.

As mentioned in Section 1, the concept of a ®-Anosov subgroup I' < G of a
semisimple real Lie group G (i.e., the image of a @-Anosov representation with respect
to a subset ® C A of a simple system) was introduced by Labourie [ ] and
generalized by Guichard-Wienhard [ ]. As the name suggests, Labourie’s original
approach was intimately related to uniformly hyperbolic smooth dynamical systems
(a.k.a. Anosov flows), but modern definitions [ , R R ] no
longer appeal to flows, instead casting the ®-Anosov property in terms of growth rates
of singular or eigenvalues.

If G has real rank one, a subgroup I' < G is ®-Anosov if and only if it is convex
cocompact [ , Thm. 5.15], and if T" is torsion-free the rank one Riemannian
locally symmetric space is a geometric structure for I'. The unit tangent bundle of the
latter carries the geodesic flow, featuring a similar uniformly hyperbolic behavior as an
Anosov flow (Smale’s Axiom A, see Section 1).

In higher rank, the construction of geometric structures associated to (torsion-free)
®-Anosov subgroups I' < G is a key challenge in the field [ , ] with many
results (e.g. [ s , s s 1), yet a systematic construc-
tion which always produces non-empty locally homogeneous manifolds had remained
elusive. In [ ], we provide such a construction. The obtained manifolds carry
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analytic Axiom A flows or partially hyperbolic multiflows, respectively, reaffirming the
original link between Anosov subgroups and smooth hyperbolic dynamics.

The analog of the space (M, ¢') from Theorem 1 when I' < G is a torsion-free
©-Anosov subgroup is a family of Axiom A systems (M, ¢;) indexed by additive
characters b : Lg — R in an open convex cone in Hom(Lg, R) = RI®I, where Le <G
is the standard Levi subgroup associated to ® C A.

Sambarino [ ] used additive characters on Lg to construct families of refraction
flows associated to any @-Anosov subgroup, and we will show that every refraction flow
is bi-Holder conjugate to the restriction of the Axiom A flow ¢} to its unique basic
hyperbolic set K}, C My, in particular arriving at the same open convex cone of
admissible parameters b € Hom(Lg, R) as Sambarino.

Our starting point is the observation that the differential d.b canonically extends to
a linear form 8 : ¢ — R, and the coadjoint G-orbit of S is generically isomorphic to
G/Le. Simultaneously, b : Lg — R defines a homogeneous R-affine line bundle Ly,
over this coadjoint orbit, and it is in the total space of L}, where we shall construct a
non-empty domain of proper discontinuity for the I'-action. We now turn to the details
of this construction and the statements of our main results.

Throughout, G denotes a non-compact real semisimple Lie group with Lie algebra
g and © C A a non-empty subset of simple restricted roots defining associated opposite
proper parabolic subgroups P, Pg < G with standard Levi intersection Lg = P§ N Pg.

3.1 Setup

The construction of the homogeneous spaces studied in [ ] can be thought of
as reverse-engineering the unit tangent bundle 7'X of a rank-one symmetric space
X from the projections 7'X — 8., X sending a unit tangent vector v € T!X to the
future and past endpoints v* € 9,X of the geodesic initiated by v. We replace the
visual boundary d.X with a pair of opposite flag manifolds ¥+ ~ G | Pg. The image
in 0o X X 0o X of the projection v +— (v*, v™) will be replaced with the fransverse flag
space F+ % F~ c F*+ x F~, the unique open G-orbit in F* x F~ = G/Pg x G/P§
which can be equivalently described as the homogeneous space ¥ $F- ~G/Le.

3.1.1 Hyperbolic homogeneous flows

By ahomogeneous flow on a homogeneous space X = G/H we meanaflow ¢’ : X — X
defined for all # € R that commutes with the G-action. We will study the case where the
orbit space of ¢ is the homogeneous space G/Lg, leading us to consider subgroups
Hy, := ker b for some non-zero additive character b € Hom(Lg, R). From the structure
of Levi subgroups, we find a canonical choice of an element Zj, € 3(lg) in the center of
the Lie algebra of Lg such that d.b(Zp) = 1. This allows us to equip the homogeneous
space Ly, := G/Hy with the flow
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¢ Ly — Ly
Py : gHp — gexp(tZy)Hp,

which is a right action of the one-parameter subgroup Ay, := exp(RZp) < Z(Lg).
From the embedding of G/Le into G/P§ x G/Pg, we obtain a decomposition

TLy, =E- ® E° @ EY, (6)

where the rank one bundle E° is tangent to the flow and E* is sent isomorphically onto
T(G/Pg) by the differential of the projection Ly, = G/Hp — G/Le.

Definition 2 The pair (Lp, ¢{)) will be referred to as a hyperbolic homogeneous flow.

3.1.2 Multiflows

Hyperbolic homogeneous flows with a given orbit space G/Lg form a family indexed
by Hom(Lg,R). The Levi subgroup Lg splits as a direct product L = AgMg, where
Ae < Z(Lg) is isomorphic to the abelian Lie group R!®!, Mg is a reductive subgroup,
and the restriction map Hom(Lg, R) — Hom(Ag, R) is an isomorphism. Equivalently,
these subgroups can be described as factors in the Langlands decompositions Pg =
M@A@Ng. The homogeneous space Wg := G/Mg comes with an action of Ag = R'®l
on the right given by (gMg) - h := ghMg for h € Ag. For b € Hom(Lg,R) \ {0},
the normal subgroup Mg < Hy, satisfies Hy/Mg ~ Ag/Ap ~ RI®!71 and defining the
projection py, : W = G/Me — G/Hp = Ly, we find that

po(x-h) = 0™ (pp(x)) Vi € Weo,h € Ao.

Definition 3 The right Ag-action on Wg = G /Mg will be referred to as a multiflow.

Dynamically, the fact that py, : Wg — Ly is a principal Hy /Mg ~ Ag/Ap =
RI®I-1_bundle means that L, is obtained from Wg by “quotienting out all but one flow
direction.”

For a ®-Anosov subgroup I' < G, we will see that there exists a non-empty domain
of proper discontinuity N' C Wg such that the RI®I-1 ~ Ag/Ap-action is proper on the
I'-quotient '\ NV and the quotient I\ A//R!®/~1 is an Axiom A system.

3.1.3 (G, X)-structures for Anosov subgroups

Given a G-homogeneous space X = G/H and a manifold M, a (G, X)-structure on M
is a maximal atlas of X-valued charts on M such that the transition maps are G-valued
and locally constant. Starting with a discrete subgroup I' < G, one way of producing
a (G, X)-manifold is to find a non-empty open I'-invariant subset U C X on which the
I"-action is free and properly discontinuous. The quotient manifold
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Mr = F\U

carries a (G, X)-structure which we call uniformized (this is referred to as “Type U” in
[ D.

Any (G, X)-manifold inherits all local structures on X preserved by G. In the case of
X =Ly forsome b € Hom(Lg, R) \ {0}, this means that a (G, Ly, )-manifold comes with
a local flow, i.e. a vector field. Similarly, a (G, Wg)-structure defines a local Ag-action,
i.e. a family of |®| commuting vector fields.

Definition 4 A (G, X)-structure with X = Ly, or X = Wy is called dynamically com-
plete if the induced vector fields are complete.

In the uniformized case, this means that the open subset U c Ly (resp. U C
Weo) is ¢{)—invariant (resp. Ag-invariant). The history of (G, X)-structures associated
to Anosov subgroups is rich and well documented, see [ , , ] and
references therein. Before [ ], dynamical (G, X)-structures for higher rank
Anosov subgroups were known to exist (e.g. [ ]) but were rather rare among
known examples. The main result of [ ] is that dynamical (G, X)-structures
with strong hyperbolicity properties exist in abundance.

3.2 Results

Consider a ®-Anosov subgroup I' < G. The dynamics of the I'-action on the flow space
Lp will depend on the character b € Hom(Lg, R), and especially on its relation to the
©-limit cone Lo(T") C af (the projection of the Benoist limit cone L(T') to the Lie
algebra ag of Ag). Consider the dual cone

Lo(M)* ={B € ay|Blror) >0},

whose interior Int(Lg(I")*) is non-empty because Lg(I") is acute, and identify the
differential d.b € Ig with its restriction to ag C lg, where lg is the Lie algebra of Lg.

3.2.1 Uniformized (G, X)-structures

The first result of [ ] establishes the existence of (G, X)-structures and hyper-
bolic homogeneous flows, generalizing Theorem 1.1.

Theorem 7 ([ , Theorem A]) Let ' < G be ®-Anosov, and let b €
Hom(Le,R). If d.b € Int(Le(I')"), then there is a non-empty I' X ¢} -invariant open set

My C Ly on which T acts properly discontinuously, yielding a dynamically complete
uniformized (G, Ly)-manifold .
My =T\ My

when T is torsion-free.
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It is to be noted that the action of I" on Ly, is almost never proper, the only notable
exception being the case of a group G of real rank one (then Ly, ~ T'X). The fact that
the multiflow space Wg fibers over L}, immediately yields the following consequence:

Theorem 8 ([ , Corollary B]) Let I' < G be ©-Anosov. There is a non-empty
I' X Ag-invariant open set N C We on which I acts properly discontinuously, yielding
a dynamically complete uniformized (G, Wg)-manifold

N = F\A~/

when T is torsion-free.
For eachb € Hom(Lg, R) with d,b € Int(Lg(I")*), the projection

N — My

induced by the canonical projection We — Ly, is a right principal RI®1=1 ~ Ag/Ayp-
bundle.

The quotient manifolds My, are usually non-compact, but we will see that in each case
the closure of the set of periodic orbits is compact and equal to the non-wandering set
of the flow. A helpful example is that of quasi-Fuchsian surface groups I < PSL(2, C),
where the locally homogeneous manifolds are non-compact but have compact cores.

In real rank one, or more generally when |®| = 1, the spaces Ly, and W are identical.
In higher rank, the situation when @ is the entire set A of simple restricted roots stands
out because of the properness of the G-action on Wjy.

The homogeneous space Wg = G /Mg often appears in the study of Anosov sub-
groups in the form of a Hopf parametrization Wg ~ G/Lg X ag with a cocycle defining
the G-action on the right hand side, similarly for L, ~ G/Lg X R. The novelty in
?Eeorem 7 and Corollary 8 is the discovery of the domains of proper discontinuity
Mb C Lp, /V Cc We.

3.2.2 Dynamics of quotient flows

Next, we turn to the dynamics of the flows defined by (G,Ly)-structures obtained in
Theorem 7, establishing Smale’s Axiom A.

Theorem 9 ([ , Theorem C]) Let I < G be a torsion-free ®-Anosov subgroup,
and let b € Hom(Lg,R) be such that d.b € Int(Le(I")*). Consider the (G, Ly)-
manifold My with its flow qb:) obtained from Theorem 7.

1. The real analytic flow ¢{) : Mp — My is an Axiom A flow.

2. The non-wandering set of ¢{) consists of a unique basic set Ky, C My, and the
splitting of T My | g, into stable/neutral/unstable subbundles provided by the Axiom
A property is given by first descending the G-invariant splitting (6) to the global
real analytic ¢{’-invariant splitting TMy, = Er,® Elq,b @ Elf,b, and then restricting
to the basic hyperbolic set K.
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3. The real analytic ¢{)-invarl’ant 1-form 1y, which vanishes on E;, & Ef  and is
equal to 1 on the generator of ¢y is a contact 1-form if and only if By(d b, ws) # 0
for every fundamental weight w, with a € ©, where By is the Killing form.

For each character b € Hom(Lg, R) as in Theorem 9, Sambarino [ ] defined a
model of the Gromov geodesic flow of T" given by a generalised refraction flow yy. As
the last sample result of [ ], I mention:

Theorem 10 ([ , Theorem D)) In the situation of Theorem 9, the restriction of
the Axiom A flow ¢y : My — My, to its basic set Ky C My, is bi-Hélder-conjugate to
the refraction flow ;.

Theorems 9 and 10 are direct generalizations of Theorems 1 and 2.

4 Lorentzian quasi-Fuchsian representations

While the works [ , ] were motivated by the general goal of introduc-
ing dynamically complete geometric structures and dynamical resonances for Anosov
representations, the work [ ] on Lorentzian quasi-Fuchsian representations in

SL(2,R) x SL(2,R) was motivated by the goal of understanding the spectral theory
of the Lorentzian quasi-Fuchsian locally anti-de Sitter manifolds associated to these
representations. From a mathematical physics perspective, this spectral theory has a
classical as well as quantum side. The classical side belongs to the general framework
studied in [ s ], here the considered Axiom A flow is (a complete
extension of) the space-like geodesic flow on the Lorentzian unit tangent bundle, and
the spectral theory of this flow can be understood with essentially the same methods as
that of the Axiom A flows appearing in [ , ]. The quantum side is the
spectral theory of the pseudo-Riemannian Laplace-Beltrami operator A (often written
O and called the d’Alembertian), which in this case turned out to be widely unknown,
in stark contrast to the Riemannian case.
Let us now turn to the summary of the results of the work [ ].

4.1 Spectra of Lorentzian quasi-Fuchsian manifolds

Three-dimensional Lorentzian quasi-Fuchsian manifolds are analogues of the quasi-
Fuchsian Riemannian hyperbolic 3-manifolds obtained by quasiconformal deformation
of a co-compact Fuchsian subgroup I' ¢ SL(2, R) inside SL(2, C), which are complete
infinite volume Riemannian manifolds diffeomorphic to a cylinder (I'\H?) x (-1, 1).
The Lorentzian version is a globally hyperbolic Lorentzian manifold that is also diffeo-
morphic to such a cylinder, but is not complete: it is obtained by quotienting an open
subset Qr of the anti-de Sitter space AdS3; on which I' acts properly discontinuously.

In a nutshell, it is shown in [ ] that on a quasi-Fuchsian Lorentzian manifold
M =T'\Qr equipped with its natural Lorentzian metric g induced from AdSs:
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The incomplete geodesic flow on the space-like unit tangent bundle 7' M extends to
a complete flow on a smooth manifold M > T'M and, using [ ], it follows that
the resolvent

Rx()=(X+2)~'= /Oooe_’(XM)dt 1 CO(M) = D' (M)

of the flow generator X continues meromorphically from Re(1) > 0 to A € C, with
poles forming a discrete spectrum of Ruelle resonances. The elements in the range
of the residue at a resonance Ay € C form a finite-dimensional space and those in
ker(X + Ap) are called the Ruelle resonant states.

The Poincaré series
Da(x,x") = E e~ Adxyx)
9’
vely

for x, x” € Qr is holomorphic in Re(1) > 1 and extends meromorphically to C. Here
l"f(" .+ 18 the set of y € I such that x and yx” are joined by a (necessarily unique)
spacelike geodesic and the distance d(x, yx’) is the length of this geodesic.
The pseudo-Riemannian Laplacian O, on M admits an analytic resolvent in the
region {Re(1) > -1}

Ro, () : CZ(M) — D' (M)

inverting (0g + A(A + 2)), which continues meromorphically to 2 € C. Here the
quadratic parametrization A(A + 2) (rather than just 2) of the spectral parameter is
compatible with the standard convention in the Riemannian case and makes it easier
to directly compare the spectral parameter of the second order operator O, with
that of the first order operator X. The poles of Ry, (1) form a discrete spectrum
of quantum resonances. The elements in the range of the residue at a resonance
Ao € C form a finite-dimensional space and those in ker(Og + Ao(A¢ + 2)) are called
the quantum resonant states. Moreover, we prove a version of quantum-classical
correspondence between the two resolvents of O, and of X and analyse the first
poles.

Let us now briefly summarise some selected details and noteworthy remarks.

4.2 Extension of the space-like geodesic flow and quantum-classical

correspondence

The three-dimensional anti-de Sitter space

AdS; = {x e R g(0) = -1},  q(x) = =2} =22 +xF +22

equipped with the Lorentzian metric given by g|ags, is isometric to the Lie group

G

= SL(2,R) equipped with its Killing Lorentzian metric (up to a normalisation

constant). The group G X G acts on G as isometries by
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(h1,h2) - h = hihh3'

with isotropy group the diagonal subgroup G4 := {(h, h) € G X G}. A quasi-Fuchsian
group I" has a non-empty I'-invariant proper open subset Qr € AdS3; on which I' acts
properly discontinuously and freely, defining the quasi-Fuchsian manifold M := T'\Qr.
These quasi-Fuchsian groups, studied initially in [ ], are precisely the groups
I' € G X G of the form

[={(p1(¥), p2(¥) |y e m(2)},

where p1,p2 @ m1(¥) —» G = SL(2,R) are the holonomy representations of the
fundamental group of a closed orientable surface X of genus > 2 equipped with two
hyperbolic metrics.

The space-like unit tangent bundle T'M < TM of a quasi-Fuchsian manifold M =
I'\Qr is formed by all tangent vectors of length 1 with respect to the Lorentzian metric
g on M. It is invariant under the geodesic flow. Analogously, on anti-de Sitter space we
define T'AdS; ¢ TAdSs; notice that each fiber 7! AdS3 is a non-compact surface. The
space-like geodesics in 7' AdS; are precisely those geodesics connecting two points in
the conformal boundary AdS; = S x S!.

The work [ ] provides a self-contained proof of the Axiom A property of
the space-like geodesic flow ¢, on T'M = T'(I'\Qr) (which follows from [ D.
One issue here is that the flow on 7'M is not complete: The flowout

M = U 0. (T'Qr) c T'AdS;
teR

is strictly larger than T'Qr, and the first main observation in [ ] is that I" acts
properly discontinuously and freely on M. Thus,

M= F\/W
is a smooth manifold to which the complete flow ¢, descends, extending the incomplete
space-like geodesic flow on 7'M c M. Now (M, ¢,) is an Axiom A system, which
we call the extended space-like geodesic flow. The non-wandering set K of this flow,
on which the essential dynamics takes place, is contained in 7' M.

4.2.1 Spectral theory of the generator of the extended space-like geodesic flow

First of all, one observes that for 4 € C with RA > 0 we can define the operator

Rx () : L¥(M) = L(M),  (Rx(1)f)(x) :=/0 e fp-i(x))dt,

which is also continuous as an operator

Rx(4) : CZ(M) = D' (M),
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where D’ (M) denotes the space of distributions on M. This defines a holomorphic
family of operators on { R4 > 0} c C which are resolvents of —X in the sense that

X+ D(Rx(D)f) = Rx(D((X+)f)=f  V[feCZM),

(X + 2) mapping D' (M) — D’ (M) (resp. CZ (M) — CZ(M)) on the left (resp. on
the right). The resolvent Rx (1) has the property that it propagates supports forward.

Theorem 11 ([ , Theorem A]) The resolvent Rx(1) : CZ(M) — D'(M)
admits a meromorphic continuation from Re(1) > 0 to A € C with poles of finite rank,
it has a simple pole at Ay := hyp — 2 Where hyp is the topological entropy of the flow
¢; on the non-wandering set K, and no other pole in Re(1) > Ay — € for some € > 0,
and the residue at A is a rank 1 operator of the form

H,10 = RCSAORx(/l) =UU

with u a measure supported on K, and v a measure supported on K_, where

K :={x e M|{p%(x)|t € [0,00)} C M is compact}.

More generally, we consider a C-vector bundle & over M and a lift of X to a first
order differential operator X acting on smooth sections of e, which contains the case
of the Lie derivative Lx of differential forms. The poles of the meromorphic resolvent
are called Ruelle resonances of X. They form a discrete spectrum in the complex plane
intrinsic to X, and each Ruelle resonance comes with finite-dimensional spaces of
(generalized) resonant states.

4.2.2 Spectrum of the pseudo-Riemannian Laplacian

The pseudo-Riemannian Laplacian O, on the quasi-Fuchsian Lorentzian manifold M =
I'\Qr is formally self-adjoint when acting on C.° (M), but it is not clear if it is essentially
self-adjoint on L?(M). On AdS; however, it is the case that O, has a self-adjoint
extension with spectrum o-(dg) = [1,00) U{l - n*|n € N*} and we show in [ ,
Sec. 3] that it has a resolvent

(Og +A(1+2))"" : L*(AdS3) — L*(AdS3)

inverting Og + A(A + 2) which is meromorphic in Re(1) > —1 with simple poles of
infinite multiplicity at N (corresponding to discrete series of SL(2,R)), and which
extends meromorphically to C as a map C.°(AdS3) — D’(AdS3) with simple poles
at Z and infinite multiplicity. Its integral kernel has the form F,(—q(x,x")) for some
explicit function F), see [ , Prop. 3.1]. The integral kernel F(—¢(x,x")) can be
slightly modified to remove the poles at A € Z to another integral kernel F /’f (—q(x,x"))
solving
(O + A+ D) FY (~q(x.x") = G
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in the region {(x,x") € AdS% | = g(x,x") > =1}, with Ffl’ holomorphic in 2 € C and
F j’(g ) = C(A)F () in the region ¢ > 1 for some explicit holomorphic function C(2)
(see [ , Prop. 3.1] for the explicit formula for ¥ /’{).

It turns out that for x, x” € Qr the operator R’D’g () with integral kernel F /’l’ (—=q(x,x"))
inverts (Og + A(2 + 1)) on Qr. Motivated by the Riemannian case, we propose as a
definition for the resolvent of Og on M the operator Ry, : C°(M) — D’(M) with the
following integral kernel: For x,x” € Qr and Re(1) > -1

Ro, (A:x,x") = Y Fi(=q(x,yx")) )
yell
which descends as an LlloC (MxM) integral kernel that solves (Og+4(2+4)) R, () f = f
forall f € CZ(M).
The following is a shortened version of the main result of [ ] on the spectral

theory of the pseudo-Riemannian Laplacian 0O, as well as an associated quantum-
classical correspondence.

Theorem 12 ([ » Theorem C]) The operator Rn, (1) defined by (7) admits a
meromorphic extension to C as a continuous operator

Rp, (1) : CZ(M) — D' (M)
satisfying (Og + A(A1 +2))Ro, (V) f = f for all f € CZ(M), with poles of finite rank,
and for all fi, f» € CZ (M) one has

1 1
(Ro, (D)1, f2) = §<Rx(/l)ﬂ*f1,7r*fz> — 5 (Rx(1+ Q" fi. 7" o) + (H(A) fi, f2),

where Rx () is the meromorphic resolvent from Theorem 11 and H(Q) is a holomorphic
Samily of continous operators CZ° (M) — D' (M).

This result also implies that the quantum resonances are contained in translates of
the Ruelle resonance for the spacelike geodesic flow, and the quantum resonant states
are necessarily pushforwards of Ruelle resonant states, in a way comparable to the
Riemannian case [ s 1.

Finally, in [ , Sec. 7.1], we describe completely the quantum resonances and
resonant states when the group I is Fuchsian, i.e., the Lorentzian 3-manifold becomes

M= (-n/2,7/2)o X%, g=-db*+cos(0)’gs,

with (2, gx) = I'\H? a closed oriented surface and I ¢ SL(2, R) co-compact.

5 Outlook and open questions

The link between microlocal analysis and higher Teichmiiller theory established by the
works [ , ] is still largely unexplored. For example, it is so far unclear
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in which generality higher rank (partially) hyperbolic (multi-)flows can be defined
that possess a good notion of dynamical resonance spectrum, and how this allows to
characterise interesting classes of discrete subgroups of Lie groups larger than the class
of Anosov subgroups. This question will be addressed in forthcoming volumes of the
series of papers starting with [ , ]. For various related questions and a
comprehensive study of multiflows associated to Anosov subgroups via the domains of
discontinuity introduced in [ s ], see also the recent work [ ].

From a mathematical physics perspective, the quantum-classical correspondence es-
tablished in [ ] is expected to exist in much more general situations — essentially
whenever a “quantum analogue” of the classical system represented by the dynamically
complete geometric structure associated to an Anosov representation can be identi-
fied. Moreover, even in the three-dimensional Lorentzian quasi-Fuchsian case studied
in [ ], the spectral properties of the quantum operator given by the pseudo-
Riemannian Laplacian O are still mysterious in many aspects and deserve further study.
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